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ABSTRACT: Transformations are very important process in Mathematics and have been widely used in various fields.
In this paper we show the double Bi-Lateral Laplace transform is related with Mellin transform. And we derived some
properties and standard expansions with this new relation. Also used to solve one of the high frequency line equation in
Network Analysis. To illustrate the advantages and use of this transformation example of differential equation has been
solved at the end.
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I. INTRODUCTION

Transform provide a powerful technique for solving initial and boundary value problems arising in applied
mathematics. R. H. Mellin (1854-1933) initially gave a systematic formulation of the Mellin transform and it’s inverse.
The interesting result of bi-lateral Laplace Mellintransform is obtained by using Ramanujan’s formulae in [1-
3].Fractional Mellin transform([4,7] becomes a new way used in visual navigation [6].Mellin transform has a better
monotonicity than Fourier transform [5].

The outline of this note is as follows —

In sectionI* we introduce the Bi-Lateral Laplace transform and Mellin transform. In section 11" we show therelation
between transforms. In section 11" we discuss the general properties of Bi-Lateral Laplace-Mellin transforms. In
section 1" we show the application ofderivative property for the solution on one of the high-frequency line equation
or radio equation using Laplace-Mellin transforms. Toillustrate the advantages and use of this transformation example
of differential equation has been solved at the end. In section V*"we conclude.

Ind

Il. PRILIMINARIES

a)Bi-Lateral Laplace Transform
F(s)=LIf®O1=[_ e~ f(t)dt (2.1)

b) Mellin Transform
Let f (t) be a function defined on the positive real axis 0 <t < oo. The Mellin transform ‘M’ is the operation mapping
the function f into function F defined on the complex plane by the relation-

MIF©O] = [t f(0)de (2.2)

Where, seC is the Mellin parameter.
I1l. RELATION BETWEEN TWO TRANSFORMS

In this section we see relation between Laplace and Mellin Transform by doing the change of Variable.
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Combination of  double Bi-Lateral Laplace  transforms is denoted and defined by

I[f(x,2),5,7] = [ 7 e™*+72) f(x, z)dxdz
= fw fwe‘s"e‘” f(x,2)dxdz

= [ |7 e™*(e?)™ f(x,z)dxdz (3.1)
Provided the integral exists, r> 0 and s> 0 are parameters.

Substitute z = log ay then ay=e?, dz:dy—y ,if z= — o0 then y=0 and if z=o0 then y=co

12[f(x,2) 5, 7] :f_ifowe‘s"(ay)_rf(x,logaY)dx (C;—y)

L[f(x,2),5,7] =a" [7 [ e~y f (x, y)dxdy (3.2)
R.H.S. is the Bi-lateral Laplace- Mellin transform for (x,y) in the range [ —« ,0] to [c, o] and denoted

byL?[f (x,¥),s,7]
Hencel?[f(x,z),s, 7] = L*M[f (x,y),s, 7]

ANdL2M[f(x,y),s,7] =a™" 7 [ e ™y 1f(x,y)dxdy (3.3)
IV.PROPERTIES

P1] Property 1: Linearity Property:
Bi-lateral Laplace- Mellin transform is a linear operator. Ifa,b,c be any arbitrary constants and f(x,y), g(x,y), h(x,y) are
the functions, then
L*M[af (x,y)) + Bg(x.y) —yh(x,y),5,7]
= al’M[ f(x,y),s, 7]+ BL*M [ g(x,y), 5,71 -yL*M [ h(x.y),s, 7] (4.1)

P2] Property 2: Change of scale property:

If o, § be any scalar and f(x, y) is any function, then

I2M [f(ax, By), 5,11 = £ 12M [ (p,q). 2 7] (4.2)

aa”

By using definition of Bi-Lateral Laplace-Mellin transform,

LM [f (ax,py),s,r] =a™" f f e™*y " f(ax, By)dxdy
—0 Y0

Puta x=p =, py =14,
Asx—0, p—0 and as X —w,p—0

y—0, g—0 and as y —, q—0
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e psa=a | [y r00Ls

f f e g1 £ (p, q)dpdq

aar

M [f(.0).2 7]

aar
P3] Property 3: Power property:

If S be any scalar and f(x, y) is any function, then

LM [fGxyP)sr] =212 M [f (e t).s ) 43)
12M [f (x, yﬁ)’ s,r]=a" f f e—sxy—r—lf(x’ yﬁ)dxdy
-0

12M [f (x, yﬁ),s,r] = a—Tf f e—sxy—r—lf(x’ yﬁ)dxdy
—0 Y0

1 1
Put, y# =t =y =th,dy = %tﬁ_ldt
As y—0, t—0 and as y —w, t—o0

-r-1

PMY GO sl = f_z fowe_sx (tl/ﬁ) flx, t)dx%tl/ﬁ_ldt
- %rf—ww Jy e (t)(_E_ 1)f(x, t)dxdt,

_a’ )
B 'B

L*M [f(x,t),s
P4] Property 4: First shifting property:
L2M [e**f(x,y),s,r] = a™" f f e~y 1e%* f(x, y)dxdy
—00 0

= a‘rf f e~ (=% y=m=1£(x, y)dxdy
—0 VY0

=a TL’M [f(x,y), (s—a) ,7] (4.4)
P5] Property 5: Derivative property

M [f(x,y),s,r1=a™" f f e~ ¥y fiu(x,y)dxdy
-0 Y0
= a‘rf y‘r‘ldyf e™* f.(x,y)dx
—0 0
By using integration by parts, we get
=a’ f T 1dy{[e‘s"f(x 2] i f (=s)e™f(x, y)dx}

=a" sf_wf —sXy~T1f(x, y)dxdy —a Tf_w (0, y)dy

=a "sL?M [f(x,y),s,7 -k
Wherek =a™™ [y 1f(0,y)dy
~L2M[f(x,y),5,7] = a”"sL*M [f(x,y),s,7]-k (4.5)
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Also,  IM[f(xy).srl=a7[7 ["e ™y f.(x, y)dxdy
= a‘rf y‘r‘ldyf e™s* f..(x, y)dx
—0 0
By using integration by parts, we get

=q f_ y T ldy {[e‘s"ﬂc(x,y)]‘ao - fo (—s)e‘s"fx(x,Y)dx}

= a7 [ YOy @ M [ (e )7 1K)

=a "s2L*M [f(x,y),s,7]-sk ,
Wherea™ ["y~"1£,(0,y)dy = O,using DUIS

SLPM [fi (0, ), 5,11 = a7 7S2L2M [f (x, y), s, 7] —sk (4.6)
Similarly,

L*M [for(x,¥), 5,71 = a7 "S3L2M [f (x, y), s, 7] —s%k 4.7

In general,

L*M[f," (x,y),s,7]1 = a "s"L*M [f (x,y),s, 7] —s" "'k (4.8)

V. APPLICATIONS

In this section we apply the derivative property for the illustration of Telegraph equationand solution on one of the
high-frequency line equation or Radio equation using Bi-Lateral Laplace-Mellin transforms.
1] Solving Radio Equation

Equations of transmission line are given

~Z =R+l —=C2+G
(5.1)

V= Voltage in a transmission line

I = Current in a transmission line

R=Resistance and G= Conductance to ground

C=Capacitance to ground
Elimination of ‘i’ or v from the two transmission line equations leads to a second order partial differential equation in i
or v (Telephone equations).
By eliminating i, we get

92 92 d
—= LCa—t;’+(LG+RC)a—:+RGv =0 (5.2)

axz
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In the case of alternating currents of high frequencies, we can neglect leakages and resistances. Thus with R=G=0, the

above equations reduces to,

Py _ oL (5.3)

9x2 at?
This is one of the high-frequency line equation orRadio equation similar to one dimensional wave equation. We

illustrate this equation by using Bi-lateral Laplace-Mellin Transform.
The Radio equation is g—:; = LC%
Satisfying the initial and boundary conditions

i] If t=0 then v(x, 0) =0 for all t

ii] If t = I then v(x, 1)=0 for all t

Solution:

L2M [y, (x,t),s,7] = LCD2L2M [v(x,t),s,7]

a "s2L?M [v(x,t),s,r ] -sk = LCD2L*M [v(x, t),s, 7]

-T2 Kk
(th - %) L’M[v(x,t),s, 1] = — i_c (5.4)
This is a linear differential equation with constant coefficient. Its solution is given by
Complete Solution =C.F. +P.1. (5.5)
(2 aTs?) _ _ s
AE(D?-=)=0=D =2
C.F.=AePt + Be™ Pt (5.6)
_ S
Here, p = N

AndP.I.=Dt2;_(—i)e° =k

Wherek = a™ [t 11(0, t)dt

~ (5.5) becomes,
k

aTs

L>M[v(x,t),s,v] = AePt + Be Pt +

(5.7)

Applying the initial and boundary conditions,
—k

A+B = —“AndAeP! + Be Pl = =%

a’'s a’'s
We get,A = a__fs {(e Pt —eP)L(eP - 1) + 1}

k
B = — (e—Pl _ ePl)—l(ePl _ 1)
a’'s
Putting the values in equation (5.7), we obtain
L*M[v(x,t),s,7] = a_—rs {(eP —e™) (e = 1) + 1}e™
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+

— (e7Pt — eP))~1(ePt — 1)e~Pt + —
a’'s a’'s

N

— — =1 [® f-r-1

Wherep = mandk =a’T) t v(0, t)dt
2] Solving Telegraph equation

%v _ v
o2 = RC3; .

X "~ rTelegraph equation

040 __ ai

dx2 ot

.92 ad
Solvmg,a—; = RCa—:

w1 (5.8)

at ~ RCx2
Satisfying the initial and boundary conditions,

i] If x=0then v (t, 0) =0 for all x and
ii] If x =1then v (t, 1) =0 for x
1 2
L*M[v.(t,x),s, 7] = R_CD" L2M [v(t, x),s,7]
D, *I*M [v(t,x),s, 7] = RCa™"sL>M [v(t, x), s, r]-RCk , using (4.1)
(D,* —RCa™"s)L*M [v(t, x),s, 7] =—RCk (5.9)
This is a linear differential equation with constant coefficient.

AE.(D,*—RCa"s)=0

D =+VRCa"s
C.F.= AeVRCa™Tsx 4 po—VRCa Tsx (5.10)
Andp.1.= L
Where k =a™ [ x7""1v(0,x)dx
Hence the solution becomes,
[2M[v(t, x),s,7] = AeVRCa"sx 4 po—VRCaTTsx 4 a_"rs (5.11)

3]Solving telephone equation -

Solution:
L*M[v,,(x,t),s,7] = LCD,*L*M[v(x,t),s,r] + RD,L*M [v(x,t),s, 7]
a"s22M[v(x,t),s,r]-sk = LCD2L*M [v(x, t),s,r] + RD,L*M [v(x, t),s, 7]
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D2+RD st I2M t _ _Sk
t Tt T T [v(x. 0.7 = — 5

1
D= 2_|_C [—R +R?+ 4a_TSZLC]
' =10 p T2
Assumingp = >—[~R + VR? + 4a™"s?LC]
1
4= 55| -R—VR? + 4a7s7LC]
<C.F.= AePt + Bef*
k
sa~"

We get the general solution,

L>M[v(x, t),s,v] = AePt + Be4t +

k
sa~"

(5.12)*

VI.CONCLUSION

In this article we derived the properties for Bi-Lateral Laplace Mellin Transform. The result seems to have a potential
to increase the practical utility of Bi-Lateral Laplace-Mellin transform especiallyin Electrical field. The Bi-Lateral
Laplace-Mellin transform is the big source for Engineers to illustrate the enhanced problems.
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