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ABSTRACT: Transformations are very important process in Mathematics and have been widely used in various fields. 
In this paper we show the double Bi-Lateral Laplace transform is related with Mellin transform. And we derived some 
properties and standard expansions with this new relation. Also used to solve one of the high frequency line equation in 
Network Analysis. To illustrate the advantages and use of this transformation example of differential equation has been 
solved at the end. 
 
KEYWORDS:Laplace transform, Mellin transform, Bi-Lateral Laplace transform, Bi-Lateral Laplace-Mellin 
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I.  INTRODUCTION 
 
Transform provide a powerful technique for solving initial and boundary value problems arising in applied 
mathematics. R. H. Mellin (1854-1933) initially gave a systematic formulation of the Mellin transform and it’s inverse. 
The interesting result of bi-lateral Laplace Mellintransform is obtained by using Ramanujan’s formulae in [1-
3].Fractional Mellin transform[4,7] becomes a new way used in visual navigation [6].Mellin transform has a better 
monotonicity than Fourier transform [5]. 
The outline of this note is as follows – 
In sectionIst we introduce the Bi-Lateral Laplace transform and Mellin transform. In section IInd we show therelation 
between transforms. In section IIIrd we discuss the general properties of Bi-Lateral Laplace-Mellin transforms. In 
section IVth we show the application ofderivative property for the solution on one of the high-frequency line equation 
or radio equation using Laplace-Mellin transforms. Toillustrate the advantages and use of this transformation example 
of differential equation has been solved at the end. In section Vthwe conclude. 
 

II. PRILIMINARIES 
 
  a)Bi-Lateral Laplace Transform 
(ݏ)തܨ = [(ݐ)݂]ܮ = ∫ ݁ି௦௧∞

ି∞  (2.1)  ݐ݀(ݐ)݂
  b) Mellin Transform 
Let f (t) be a function defined on the positive real axis 0 < t < ∞. The Mellin transform ‘M’ is the operation mapping 
the function f into function F defined on the complex plane by the relation- 

[(ݐ)݂]ܯ = ∫ ∞௦ିଵݐ
  (2.2)    ݐ݀(ݐ)݂

Where, sєℂ is the Mellin parameter. 
 

III. RELATION BETWEEN TWO TRANSFORMS 
 

In this section we see relation between Laplace and Mellin Transform by doing the change of Variable. 
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Combination of double Bi-Lateral Laplace transforms is denoted and defined by 

,ݔ)݂]ଶܮ ,(ݖ ,ݏ [ݎ  = ∫ ∫ ݁ି(௦௫ା௭)∞
ି∞

∞
ି∞ ,ݔ)݂  ݖ݀ݔ݀(ݖ

= න න ݁ି௦௫݁ି௭
∞

ି∞

∞

ି∞
,ݔ)݂  ݖ݀ݔ݀(ݖ

= ∫ ∫ ݁ି௦௫(݁௭)ି∞
ି∞

∞
ି∞ ,ݔ)݂  (3.1)  ݖ݀ݔ݀(ݖ

Provided the integral exists, r> 0 and s> 0 are parameters. 

Substitute z = ݈݃ then ay=݁௭, dz=ௗ௬ ݕܽ
௬

 ,if z= – ∞ then y=0 and if z=∞ then y=∞ 

,ݔ)݂]ଶܮ ,(ݖ ,ݏ [ݎ  = න න ݁ି௦௫(ܽݕ)ି
∞



∞

ି∞
,ݔ)݂ ݈ܽ݃ ݔ݀(ݕ ൬

ݕ݀
ݕ
൰ 

,ݔ)݂]ଶܮ ,(ݖ ,ݏ [ݎ  = ܽି ∫ ∫ ݁ି௦௫∞


∞
ି∞ ,ݔ)ିଵ݂ିݕ  (3.2)  ݕ݀ݔ݀(ݕ

R.H.S. is the Bi-lateral Laplace- Mellin transform for (x,y) in the range [ −∞ ,0] to [∞, ∞] and denoted 

byܮଶ[݂(ݔ, ,(ݕ ,ݏ   [ݎ

Henceܮଶ[݂(ݔ, ,(ݖ ,ݏ [ݎ = ,(ݕ,ݔ)݂]ܯଶܮ ,ݏ   [ݎ

Andܮଶݔ)݂]ܯ, ,(ݕ ,ݏ [ݎ  = ܽି ∫ ∫ ݁ି௦௫∞


∞
ି∞  (3.3) ݕ݀ݔ݀(ݕ,ݔ)ିଵ݂ିݕ

 

IV. PROPERTIES 

 

P1] Property 1: Linearity Property: 

Bi-lateral Laplace- Mellin transform is a linear operator. Ifa,b,c be any arbitrary constants and f(x,y), g(x,y), h(x,y) are 

the functions, then 

,ݔ)݂ߙ]ܯଶܮ ((ݕ + .ݔ)݃ߚ – (ݕ ,ݔ)ℎߛ ,(ݕ ,ݏ  [ݎ

= ,ݔ)݂ ]ܯଶܮߙ ,(ݕ ,ݏ [ݎ + ,ݔ)݃ ] ܯଶܮߚ ,(ݕ ,ݏ – [ݎ ,(ݕ.ݔ)ℎ ] ܯଶܮߛ ,ݏ  (4.1)     [ݎ

 

P2] Property 2: Change of scale property:  

If α, β be any scalar and f(x, y) is any function, then 

,(ݕߚ,ݔߙ)݂] ܯଶܮ ,ݏ [ݎ = ఉೝ

ఈೝ
,(ݍ,)݂] ܯଶܮ ௦

∝
,  (4.2)   [ݎ

By using definition of Bi-Lateral Laplace-Mellin transform, 

,(ݕߚ,ݔߙ)݂] ܯଶܮ ,ݏ [ݎ = ܽିන න ݁–௦௫
∞



∞

ି∞
 ݕ݀ݔ݀(ݕߚ,ݔߙ)ିଵ݂ିݕ

Putα x= p ⟹, β y = q, 

Asx→0, p→0 and as x →∞,p→∞ 

y→0, q→0 and as y →∞, q→∞ 
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,)݂] ܯଶܮ ,(ݍ ,ݏ [ݎ = ܽିන න ݁–௦ ఈൗ
∞



∞

ି∞
൬
ݍ
ߚ
൰
ିିଵ

(ݍ,)݂
݀
ߙ
ݍ݀
ߚ  

=
ߚ

ܽߙ
න න ݁–௦ ఈൗ

∞



∞

ି∞
,)ିଵ݂ିݍ  ݍ݀݀(ݍ

=
ߚ

ܽߙ ܮ
ଶܯቂ݂(, ,(ݍ

ݏ
ߙ ,  ቃݎ

P3] Property 3: Power property:
 

If β be any scalar and f(x, y) is any function, then 

,ݔ)݂] ܯଶܮ ,(ఉݕ ,ݏ [ݎ = షೝ

ఉ
,ݔ)ቂ݂ܯଶܮ ,(ݐ , ݏ 

ఉ
ቃ    (4.3) 

,ݔ)݂] ܯଶܮ ,(ఉݕ ,ݏ [ݎ = ܽିන න ݁–௦௫
∞



∞

ି∞
,ݔିଵ݂൫ିݕ  ݕ݀ݔఉ൯݀ݕ

,ݔ)݂] ܯଶܮ ,(ఉݕ ,ݏ [ݎ = ܽିන න ݁–௦௫
∞



∞

ି∞
,ݔିଵ݂൫ିݕ  ݕ݀ݔఉ൯݀ݕ

Put, ݕఉ = ݐ ⟹ = ݕ ݐ
భ
= ݕ݀,ഁ ଵ

ఉ
ݐ
భ
ഁିଵ݀ݐ 

                                                                    As y→0, t→0 and as y →∞, t→∞ 

,ݔ)݂]ܯଶܮ ,(ݐ ,ݏ [ݎ = ܽିන න ݁ି௦௫
∞



∞

ି∞
ቀݐ

ଵ
ఉൗ ቁ

ିିଵ
,ݔ)݂ ݔ݀(ݐ

1
ߚ ݐ

ଵ
ఉൗ ିଵ݀ݐ 

 = షೝ

ఉ
∫ ∫ ݁ି௦௫∞


∞
ି∞ ቀି(ݐ)

ೝ
ഁି ଵቁ݂(ݔ,  ,ݐ݀ݔ݀(ݐ

=
ܽି

ߚ ,ݔ)݂] ܯଶܮ ,(ݐ , ݏ
ݎ
 [ߚ

P4] Property 4: First shifting property:                         

,ݔ)௫݂∝݁] ܯଶܮ ,(ݕ ,ݏ [ݎ = ܽିන න ݁ି௦௫
∞



∞

ି∞
 ݕ݀ݔ݀(ݕ,ݔ)ିଵ݁∝௫݂ିݕ

= ܽିන න ݁ି(௦ିఈ)௫
∞



∞

ି∞
,ݔ)ିଵ݂ିݕ  ݕ݀ݔ݀(ݕ

= ܽିܮଶ(ݕ,ݔ)݂] ܯ, , (ߙ–ݏ)  (4.4)  [ݎ
P5] Property 5: Derivative property 

] ܯଶܮ ௫݂(ݔ, ,(ݕ ,ݏ [ݎ = ܽିන න ݁ି௦௫
∞



∞

ି∞
ିଵିݕ ௫݂(ݕ,ݔ)݀ݕ݀ݔ 

= ܽିන නݕିଵ݀ିݕ ݁ି௦௫
∞



∞

ି∞
௫݂(ݕ,ݔ)݀ݔ 

By using integration by parts, we get 

= ܽିන ∞[(ݕ,ݔ)௦௫݂ି݁]ቊݕିଵ݀ିݕ −න ,ݔ)௦௫݂ି݁(ݏ−) ݔ݀(ݕ
∞


ቋ

∞

ି∞
 

= ܽିݏන න ݁ି௦௫
∞


,ݔ)ିଵ݂ିݕ ݕ݀ݔ݀(ݕ −

∞

ି∞
ܽିන ݕ݀(ݕ,0)ିଵ݂ିݕ

∞

ି∞
 

= ܽିܮݏଶݔ)݂] ܯ, ,(ݕ ,ݏ  ݇–[ ݎ
Where ݇ = ܽି ∫ ∞ݕ݀(ݕ,0)ିଵ݂ିݕ

ି∞  
]ܯଶܮ∴ ௫݂(ݕ,ݔ), ,ݏ [ݎ = ܽିܮݏଶݔ)݂] ܯ, ,(ݕ ,ݏ  (4.5)  ݇–[ݎ

http://www.ijirset.com


 

                           

                        ISSN(Online): 2319-8753 
           ISSN (Print):  2347-6710 

International Journal of Innovative Research in Science, 
Engineering and Technology 

(A High Impact Factor, Monthly, Peer Reviewed Journal) 

Visit: www.ijirset.com 

Vol. 6, Issue 12, December 2017 

Copyright to IJIRSET                                                                 DOI:10.15680/IJIRSET.2017.0612094                                        22765 

    

 Also,         ܮଶܯ[ ௫݂௫(ݔ, ,(ݕ ,ݏ [ݎ = ܽି ∫ ∫ ݁ି௦௫∞


∞
ି∞ ିଵିݕ ௫݂௫(ݔ,  ݕ݀ݔ݀(ݕ

= ܽିන නݕିଵ݀ିݕ ݁ି௦௫
∞



∞

ି∞
௫݂௫(ݔ,  ݔ݀(ݕ

By using integration by parts, we get 

= ܽିන ݕିଵ݀ିݕ ቊ[݁ି௦௫ ௫݂(ݕ,ݔ)]∞ −න ௦௫ି݁(ݏ−) ௫݂(ݕ,ݔ)݀ݔ
∞


ቋ

∞

ି∞
 

= −ܽିන ିଵିݕ ௫݂(0,ݕ)݀ݕ
∞

ି∞
+ ܽିଶܮݏ] ݏଶݔ)݂] ܯ, ,(ݕ ,ݏ  [݇–[ ݎ

= ܽିݏଶܮଶ(ݕ,ݔ)݂] ܯ, ,ݏ – [ ݎ  ,  ݇ݏ

Whereܽି ∫ ିଵିݕ ௫݂(0,ݕ)݀ݕ∞
 = 0,using DUIS 

] ܯଶܮ∴ ௫݂௫(ݕ,ݔ), ,ݏ [ݎ = ܽିݏଶܮଶݔ)݂] ܯ, ,(ݕ ,ݏ – [ ݎ  (4.6)        ݇ݏ

Similarly, 

] ܯଶܮ ௫݂௫௫(ݔ, ,(ݕ ,ݏ [ݎ = ܽିݏଷܮଶ(ݕ,ݔ)݂] ܯ, ,ݏ – [ݎ  ଶ݇  (4.7)ݏ

In general, 

]ܯଶܮ ௫݂
(ݕ,ݔ), ,ݏ [ݎ = ܽିݏܮଶ(ݕ,ݔ)݂] ܯ, ,ݏ – [ݎ  ିଵ݇      (4.8)ݏ

 
V. APPLICATIONS 

 
In this section we apply the derivative property for the illustration of Telegraph equationand solution on one of the 
high-frequency line equation or Radio equation using Bi-Lateral Laplace-Mellin transforms. 
 
1] Solving Radio Equation 

Equations of transmission line are given 

 

− డ௩
డ௫

= R݅ + L డ
డ௧

   ,− డ
డ௫

= C డ௩
డ௧

+  ܩ

          (5.1) 

V= Voltage in a transmission line 

                            I = Current in a transmission line 

  R=Resistance and G= Conductance to ground 

C=Capacitance to ground 

Elimination of ‘i’ or v from the two transmission line equations leads to a second order partial differential equation in i 

or v (Telephone equations).  

By eliminating i, we get 
డమ௩
డ௫మ

= LC డమ௩
డ௧మ

+ (LG + RC) డ௩
డ௧

+ Rݒܩ = 0   (5.2) 
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In the case of alternating currents of high frequencies, we can neglect leakages and resistances. Thus with R=G=0, the 

above equations reduces to,  
డమ௩
డ௫మ

= LC డమ௩
డ௧మ

     (5.3) 

This is one of the high-frequency line equation orRadio equation similar to one dimensional wave equation. We 

illustrate this equation by using Bi-lateral Laplace-Mellin Transform. 

The Radio equation is    డ
మ௩

డ௫మ
= LC డమ௩

డ௧మ
 

Satisfying the initial and boundary conditions 

i] If t=0 then v(x, 0) =0 for all t 

ii] If t = l then v(x, l)=0 for all t 

Solution: 

,ݔ)௫௫ݒ] ܯଶܮ ,(ݐ ,ݏ [ݎ = LCܦ௧ଶܮଶݔ)ݒ] ܯ, ,(ݐ ,ݏ  [ ݎ

ܽିݏଶܮଶݔ)ݒ] ܯ, ,(ݐ ,ݏ – [ ݎ ݇ݏ = LCܦ௧ଶܮଶݔ)ݒ] ܯ, ,(ݐ ,ݏ  [ݎ

ቀܦ௧ଶ −
షೝ௦మ

େ
ቁܮଶݔ)ݒ]ܯ, ,(ݐ ,ݏ [ݎ =  − ௦

େ
      (5.4) 

This is a linear differential equation with constant coefficient. Its solution is given by 

Complete Solution =C.F. +P.I.                                                          (5.5) 

A.E.:ቀܦ௧ଶ −
షೝ௦మ

େ
ቁ = 0 ⇒ ௧ܦ = ± ௦

√େೝ
 

C. F. = ௧݁ܣ +  ௧    (5.6)ି݁ܤ

                                                                                Here,   = ௦
√େೝ

 

AndP. I. = ଵ

మି
ೌషೝೞమ
ಽ

ቀ− ௦
େ
ቁ ݁ = 

షೝ௦
 

Where݇ = ܽି ∫ ,0)ݒିଵିݐ ∞ݐ݀(ݐ
ି∞  

∴ (5.5) becomes, 

,ݔ)ݒ]ܯଶܮ ,(ݐ ,ݏ [ݎ = ௧݁ܣ + ௧ି݁ܤ + 
షೝ௦

    (5.7) 

Applying the initial and boundary conditions, 

ܣ + = ܤ ି
షೝ௦

And݁ܣ + ି݁ܤ =  ି
షೝ௦

 

We get,ܣ = ି
షೝ௦

{(݁షು − ݁ು)ିଵ(݁ು − 1) + 1} 

ܤ =
݇

ܽିݏ
(݁షು − ݁ು)ିଵ(݁ು − 1) 

Putting the values in equation (5.7), we obtain 

,ݔ)ݒ]ܯଶܮ ,(ݐ ,ݏ [ݎ =
−݇
ܽିݏ

{(݁షು − ݁ು)ିଵ(݁ು − 1) + 1}݁௧ 
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+
ݏ

ܽିݏ
(݁షು − ݁ು)ିଵ(݁ು − 1)݁ି௧ +

݇
ܽିݏ 

Where = ௦
√େೝ

and݇ = ܽି ∫ ,0)ݒିଵିݐ ∞ݐ݀(ݐ
ି∞  

2] Solving Telegraph equation 
డమ௩
డ௫మ

= RC డ௩
డ௧

డమ
డ௫మ

= RC డ
డ௧

ቑTelegraph equation 

Solving,డ
మ௩

డ௫మ
= RC డ௩

డ௧
 

డ௩
డ௧

= ଵ
ୖେ

డమ௩
డ௫మ

   (5.8) 

Satisfying the initial and boundary conditions, 

i] If x=0 then v (t, 0) =0 for all x and 

ii] If x = l then v (t, l) =0 for x    

,(ݔ,ݐ)௧ݒ]ܯଶܮ ,ݏ [ݎ =
1

RCܦ௫
ଶ

,ݐ)ݒ] ܯଶܮ ,(ݔ ,ݏ  [ݎ

,(ݔ,ݐ)ݒ] ܯଶܮ௫ଶܦ ,ݏ [ݎ = RCܽିܮݏଶݐ)ݒ] ܯ, ,(ݔ ,ݏ –[ݎ RC݇ , using (4.1) 

൫ܦ௫ଶ − RCܽିݏ൯ܮଶݐ)ݒ] ܯ, ,(ݔ ,ݏ [ݎ =– RC݇      (5.9) 

This is a linear differential equation with constant coefficient.  

A.E.:൫ܦ௫ଶ − RCܽିݏ൯ = 0 

ܦ =  ݏିܽܥܴ√±

C. F. = ோషೝ௦௫√݁ܣ +  ோషೝ௦௫    (5.10)√ି݁ܤ

AndP. I. = 
షೝୱ

, 

Where  ݇ = ܽି ∫ ∞ݔ݀(ݔ,0)ݒିଵିݔ
ି∞  

Hence the solution becomes, 

,ݐ)ݒ]ܯଶܮ ,(ݔ ,ݏ [ݎ = ோషೝ௦௫√݁ܣ + ோషೝ௦௫√ି݁ܤ + 
షೝ௦

  (5.11) 

3]Solving telephone equation - 

߲ଶݒ
ଶݔ߲ = LC

߲ଶݒ
ଶݐ߲ + ܴ

ݒ߲
ݐ߲  

Solution: 

,ݔ)௫௫ݒ]ܯଶܮ ,(ݐ ,ݏ [ݎ =  LCܦ௧ଶܮଶݔ)ݒ]ܯ, ,(ݐ ,ݏ [ݎ +  Rܦ௧ܮଶݔ)ݒ] ܯ, ,(ݐ ,ݏ  [ ݎ

ܽିݏଶܮଶݔ)ݒ]ܯ, ,(ݐ ,ݏ –[ݎ ݇ݏ =  LCܦ௧ଶܮଶݔ)ݒ] ܯ, ,(ݐ ,ݏ [ݎ + Rܦ௧ܮଶݔ)ݒ] ܯ, ,(ݐ ,ݏ   [ݎ
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ቆܦ௧ଶ +
R
LCܦ௧ −

ܽିݏଶ

LC
ቇܮଶݔ)ݒ] ܯ, ,(ݐ ,ݏ [ݎ  =  −

݇ݏ
LC 

ܦ =
1

2LC
ቂ−ܴ ±ඥRଶ + 4ܽିݏଶLCቃ 

Assuming, = ଵ
ଶ

ൣ−ܴ + √ܴଶ + 4ܽିݏଶLC൧ 

ݍ =
1

2LC
ቂ−ܴ − ඥܴଶ + 4ܽିݏଶLCቃ 

∴C. F. = ௧݁ܣ + ௧݁ܤ  

  And ܲ. I = 
௦షೝ

 

We get the general solution, 

,ݔ)ݒ]ܯଶܮ ,(ݐ ,ݏ [ݎ = ௧݁ܣ + ௧݁ܤ + 
௦షೝ

    (5.12)‘ 

 
 

VI. CONCLUSION 
 
In this article we derived the properties for Bi-Lateral Laplace Mellin Transform. The result seems to have a potential 
to increase the practical utility of Bi-Lateral Laplace-Mellin transform especiallyin Electrical field. The Bi-Lateral 
Laplace-Mellin transform is the big source for Engineers to illustrate the enhanced problems. 
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